Aleyamma George& T. K. S. Unnithan

Digtribution of Open Intervals*

THE digribution of open birth intervad has atracted many authors
ever since it was suggested by Srinivesai® in 1966 as an index of
fertility. He defines the j-th open intervd, U; fora woman in the j-th
parity on the cate of the survey as the intervd between thegj-th live-birth
and the survey date. Srinivasan has shown that the open intervd, is
more sengtive to changes in fertility than the closed interval. Further the
oo inavds ae much les contamingted by recdl lgpses inaview bias,
etc. than the closad interva. Srinivasan has dso derived the momats
o opn inavd in tams o the momats o the dosd intavd, Tj. Leridor?
trects the open hbirth interva as a backward recurrence time and
provides some improvements over Sinivasan's  expressons.
Vekaachaye® hes do done some empiricd dudes on opn intavas
Segs ad ahes hae duded the tuncion efeds on opn and dosed
inavds

We have attempted here to carry forward these series of writings by
focusshg attention on the didribution of open intervas in rdaion to
that of the closed intervas. Further, we seek to obtain dso a method to
predict the digtribution of open interva for a future date based on the
oda for a gadfied dae The ddribuion of the dossd intaveds ddtaned
by Geoge' hes been usd for smulaing the disribuion of open intavas for
afuuredae

Notations
Let us explain the notations that will be used in this paper

* Abstract published in the Proceedingsof thelndian Sdence CangresS, 1972.
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T; (j > 1) = interval between the j-th and (j+1)-th live births. (2.1)
Te=Interval between the date of consummation of the marriage and
the first birth, (2.2)

. (H=distribution function of T; (over women) given that
T; < o0 = prob. {T; < y/T; < oo}, : 2.3

Ujs (j > 1)=interval between the birth of the j-th child and the survey
date, ¥: {s = 0 1) for women of parity j at the time of the survey. (2.4)
Uss=Interval between the date of the consummation of marriage and
the survey date s, (s = 0, 1) for women of parity 0 at the time of the
survey. , . (2.5)

% (t, x)=probability that a woman, who has entered the state 7 (j-th
parity) atage x and has spent ¢ unjts of time in the state j will ever
proceed to (j+ 1)-th state (parity progression ratio, PPR, at time ¢t).

(2.6)
fi {(x)=probability density of x, the age at which the women enter the
state j. 2.7

PP (1) = probability that a woman who has spent ¢ units of time in
state [ before 7, is in staie j at v, (f; = time between Yo and v,).. (2.8)

P, ({)=probability that a woman who has already spent # units of time
in state j will never leave the state j. (2'9)4

P;=P; (0)=probability that a woman entering the j-th state will never
leave the state j. (2.10)

S; (¢, x)=conditional probability that a woman entering the j-th state
at age x will survive for at least ¢ units of time given that she will never
leave state j. o 2.11)

B; (#1, t, xX)==the probability that a woman who entered the state jat
age x and has already spent f units of time in state j will survive for
another #; units of time

St + £, ) i
Sd#, x) _ (2.12)
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(t, 1) = [B; (4, t1, x) f5 (x) dx = probability that a woman who has
spent ¢ units of time in the j-th state will survive for #; more units of

time. 2.13)
g; (x)=probability that a woman entering the j-th ‘state at age x will
never leave the state j, (2.14)

[S; (z, x) g; (x)]=probability that a woman entering the j-th state at
age x will never leave state jand will survive for at least ¢ units of time.
(2.15)

nss (£)=number of women of j-th parity at time v, (s==0, I) having open
interval U between f and £+93, where 8 is the width of the class inter-
val. : _ 2.16)

3. Distribution of Open Intervals

The distribution of open intervals is obtained under the assumption
that the number of women entering the state j on each day is the same,
i.e. the j-th live-births are distributed uniformly over time. A woman who
gave birth to the j-th live child 7 units of time before the survey date ¥,
should belong to one of the two groups : (7) those who will never leave
the state j and (i) those who will ever leave state j, with probabilities
g (x)} given in (2.14) and (I — ¢; (x)) respectively where x denotes the age
at which she enters the state /. Probability that a woman will be in the
J-th state at the time of the survey Yo, given that she belongs to the second
group is given by 1—F; (), where F; (f}is given in (2.3). Probability
that a woman is in state j at time v,, given that she belongs to the first
group, is the probability that she survives until the survey date v, and is
denoted by s; (¢, x) where x denotes the age at which she enters the state
J. The probability that a woman, who entered j-th state, £ units of time
before v, is still in the same state j at v, is given by

P{f‘-<-.. Ua’o<t+dt}

e Ml —g N = F () + g, (x) S5 (¢, x) f; (x) dx
JUW — g ) (1 — Fr ()Y + 45 (x) Si (8, X)) fi (%) dx) dt

dr; (3.1

where f; (x) is as given in (2.7). The expression in (3.1) can be used only
if the information on age specific parity progression ratio and also data
on age at which women enter the j-th state, are available. When these
are not available use the expressions of S; (¢, x), ¢; (x) and [S; (#, x) ¢ (x)]
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given in (2.11), (2.14) and (2.15) respectively, with respect to age to
obtain the probability density of U;, The expression of [Sy {f, x) ¢; (3)]
with respect to x is the probability that a woman in the j-th state will
never leave state j and survive for at least ¢ units of time. It can be
obtained as the probability that a woman in state j will never leave
state j multiplied by the conditional probability that she will survive
for at least # unifs of time given she will never leave state j, which is

equal to E [g; ()1 ELS; (¢, x)1.

Let, =K {q.,- ()]=1g; (x) fi (x} dx, (3.2)
and : S (D=E(S; (t. xN=f1 (1, x) £8: (x) dx, (3.3)
Hence the expression in (3.1) can be modified using (3.2} and (3.3) as

pleS U<t + di}

Q= g)d —~F @) + ¢S ()
T = a1 —F; () + 285 (0l at 2 G4

where,  JIS(, x} g5 ()] f; (x) dx=ELS; (¢, x} g5 (x)}=5: (¢) g.. (3.5)

The expressions in (3.1) and (3.5) give the probability that the open
interval, Uy, will lie between ¢ and ¢ + dv.

4. Simulation of the Distribution of the Opea Birth Intervals

The problem is to predict the frequency distribution of open birth
intervals, Uy, for parity j at a future date vy if the distribution of open
birth intervals Us.1,0 and Uy, for parities (/ — 1) and f at v, is available
as the grouped data with class intervals of width 8. Let ¢, be the time
between Y, and ¥, which 15 assumed to be an integral multiple of 8.
Further it is assumed that no woman can have more than one live-birth
within # units of time. This assumption may be given up ; but then the
formulae will have to be modified so as to accommodate those women
reaching parity j, from earlier parities, j — 2, T — 3 etc,, within ¢, units
of time,

Let us consider only eligible women. A woman is said to be in the
J-th state if she has given birth to exactly j (f = 1, 2, ...} live children and
Ujs denotes the time that she has spent in the j-th state before the observa-
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tion is made and 7; is the total time spent by 2 woman in the j-th state.
1 — F; (1) is the probability that a woman will spend at least ¢ units of
time in the j-th state given that she will ever leave the state.

s (1), the number of women in the j-th state having U, between ¢ and
t+3 at v,, consists of two groups, viz. ()} nla’ (f) women, who have an
open interval, {/;, between tand ¢+9% and will never leave the state f
and (5) uf)’ () women who have an open interval U, between ? and
1+3 who will eventually leave the state j. To estimate nly’ () and %y’ (©),
the expression for Py (¢), the probability that a woman who has already
spent ¢ units of time in state j will never leave the state j, has to be first
derived.

«; (¢, x) given in (2.6) is the conditional probability that a women who
has spent 7 units of time in state j will ever leave the state given that
she has entered the state f at age x, Hence from (2.6) and (2.7),

fus (2, X} f3 (x) dx = probability that the woman will ever leave the
state j given that she has reached the state j, and (4.1)

Prt) = 1 — fuy (4, %) f5 () dix
=P{T;=c0|T;2 4. 4y

Up=1tis a random sample from T 2> ¢since the survey date vois a
random point. But Ps (¢), the probability that a woman with an open
interval Uy, equal to ¢ will not leave the state j, is given by the conditional
probability that T is infinite given T; 2 t.

Hence, ‘ P{T,=c0|Up=1¢}
_ - _ P{T;, =00, T; 28}
=P{Ty=o00|T; 21} = .JP{T;};} s
_ P{T; = o) _ Py (O)
P2 POFTU-POINO—-FQ@I’
| = P; (5), | 4.3
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where, PTiz0=P0)+0—P @I —F@L 4.4)

Hence, n® (1) =m0 (1) P; (1), @.5)

and A = ne ()L — P, “$)

where, Py (?) is given either by (4.2) or by (4.3). P;(0) does not occur
in (4.2) whereas it is involvedin (4.3). All the njy (r) women of first

group who survive for 7, units of time will remain in state f until v,
The proportion of women in second greup remaining in the same state
Jatvis given by the conditional probability of a woman in state jat
Yo remaining in the same state j until v, given that U,, = t at v,. Hence

{#) —
Py 0Y=P {Un=1t+5\Uy=1,

=P{T2t+6\Tizt,

=P{TJQI,T;>I+K1} =P{Tj>f+t:}
Pi{Ty 2 6 P{T,pt}

- 1 -— F, (f +f1) .
- —’F; _(f) , 4.7

where T; < oo, Inthe remaining portion of this section, wherever T
occurs, it implies that T; < oo,

The women in the j-th state having Uy, between (¢ + #1y and (z + 1, + )
are those among the #,, (#) women who do notleave statejin #, units
of time between v, and v;, and their number is given by

aa (t + ) = B; (1, 1) niy () + 6 () PV (), CX)

where, ' PU" (1) is given by (4.7).

The expression in (4.8) can be applied to the data on Uy to oblain
the frequencies for Uj for class intervals with the lower class limit at
least as large as #,.
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The women having open interval Uy between ¢ — idand g, —i—~ 18
at 1, are those who are in the (j — 1)-th state at v, and do not change to
state fin (i — 1)3 units of time after v, but move to state j before i3

units of time. The number of women belongmg to this group is
given by

m = ) = 5 e O PEDL O PY, jui . 49)

h y P
VIS pEID () = P{Usy= t+ i =18\ Usyyo =1t}

= P {Ti, }?-}-f— 18| Ty 2 £} |

_P{T 2t 4+ i =15, T2 8}
Pi{Ti1 2 1)

1= Fa(4+i=9) , 0
i (4.10)

PO, (4 (=) = P{Tye St +id | U=t +i=18}

=P{T<t+id | Tim2t+i- 18

L P{T Stid T >t +i—18)
P{Ti 2t +i—|0}

=F}"1 (t‘l'fS)“Fj._I(t'l'I:Tg

U= G 4115 - e
and
=T e Pt i%) — F =Ty
pah @ P T =TH < Bl ID =R E:ﬁ”’ >,
P+ i1 T, L +i8)
P> 1) ’ “12)

Expression in (4.11) is the conditional probability of a transition from
the {(j — 1)-th state to the j-th state not within (7—1)8 units of time but
within i3 units of time after v, given that a time 7 has already been spent
in (j — 1)-th state before v,, Hence expression in (4.9) reduces to
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Pi+i—13 T <t+ i3}

my (o~ i8) = T B Pl > 1) ’
_ [F; (¢ + %) — Fi (s +i— 13)]
o BT - @13)

Expression in (4.9) can be applied to data on Us-1,0 at Yo to predict
the frequencies in class intervals with the lower limit less than #.

5. Estimation of P;

To estimate P;, which is given in (2.10), a method using the data on
completed fertility is discussed in this section. Let us consider a group
of N married women, who have completed their fertility and observe the
state to which each one of them belongs. Let 1y be the number of women
who have completed their fertility while in the i-thstate (1 =0,1,2,...).
For a woman to be in the i-th state it is necessary thai she must have
passed through the state 0, 1, 2, . . . and i — 1 before reaching the statef.

The number of women who ever arrived in state { is given byk;m.

The probability of a woman in state i ever reaching state j (j = §) may
then be estimated by

py= 21 | 5.1)

The probability that a woman in state j will never leave state j is on¢
minus the probability that she will ever leave the state j which is

given by

_ Pr=1~ P+ 52)
Let Pis be the probability that 2 woman who reached siate ;i will reach
state fand then never leave state j.  P’;’s may be estimated from

' n
Py=—50 53
. ki

Pj's estimated for 1701 women married during 1920-1939, taken from
Population Regiger mantaned by the Depatment of Statitics,
Univasty of Keda aegveninTadel
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TABLE 1--ESTIMATES OF Py, {1 >0

Parity 0 1 2 3 4 5 6 7 8 9 10 11 12+

0 00165 0029 00488 00241 00832 01082 01240 0142 0139 01088 00717 00435 00282
1 0 0.0263 004%6 00550 00897 OQlICO 01261 01447 01423 0105 00729 0.0442 00287
2 0 0 00509 00565 00921 01130 0125 01486 01461 01136 00749 0044 0024
3 0 0 0 0.0595 00970 01190 01365 01565 01538 0119 00/ 00479 00310
4 0 0 0 0 0102 01265 01451 01664 01637 01272 00840 00509 00330
5 0 0 0 0 0 01411 01618 018% 0185 01419 0036 0067 00368
6 0 0 0 0 0 0 01834 02161 0215 0162 01089 00660 00429
7 0 0 0 0 0 0 0 02062 02618 02035 01343 00814 00528
8 0 0 0 0 0 0 0 0 0368 0Zr7/4 0189 01109 00720
9 0 0 0 0 0 0 0 0 0 04312 02844 01725 01119
10 0 0 0 0 0 0 0 0 0 0 0.5000 03032 0198
11 0 0 0 0 0 0 0 0 0 0 0 06066 03934
12+ 0 0 0 0 0 0 0 0 0 0 0 0 1




The first row of Table 1 provides the absolute probabilities that a
married woman will have no live-birth, one live-birth and so on. The
second row corresponding to parity one gives the conditional probabilities
that a woman will stop at first child, second child etc., given that she
already had a first child. The first element in this row is zero, because
the conditional probability that a woman will stop at the zero state given
that she already had a child, is zero. For the same reason P;f = 0,
when j < i,

Py, (j > 1), the probability of ever reaching state j given that the woman
is in state { can be obtained by adding the elements of the i-th row starting
from the j-th element. Thus the probability that a woman in state 3,
having already 3 live-births, will ever reach state 5, is equal to sum
of all the elements in the third row starting from the fifth element,
The required probability is given by

P3,5 = 0.8435- (5'4)

' The probability of never leaving state j is given by the diagonal
element in the j~th row. The estimates provided in the row correspon-
ding to state zero depends on 1701 women in the sample ; row corres-
ponding "to state one depends on 1673 women who have ever reached
the state one and so on. '

Table 1 is also useful for determining the expected number of births
prevented by one sterilisation. Let the sterilisation be done only if the
woman had k& live births. The expected number, E; of live births
prevented by sterilising 2 woman who bad exactly & live births is given by

Ee= 3% (j—kP. 5.5)
& iSk (7 ) Py (5.5
If k = 3, the expected number is obtained from Table 1 as

= 3 (i—3)P. =4.0734. . .
E, j}k(] 3) Py, 7. (5.6)

E, is the expected number of live-births prevented by effectively sterilising
a woman who already had 3 live children or it is the expected number of
additional children she would have had in her life time if she were not

effectively sterilised. Let {gi} be the distribution of parity, 7, among
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sterilised women when women of parity k& or more are sterilised. Then
the number of births averted by one sterilisation is g kE,—g,-.
H

6. An Example for the Method of Simulation

In this section the method discussed in Section 4 is applied to distri-
bution of open intervals, as on August 17, 1968, (v,) coliected for the
Kerala Standard Fertility Survey in the Department of Statistics, Uni-
versity of Kerala. The distributions of second and third parity open
intervals have been used to predict the distribution of third parity open
intervals for August 17, 1969 (v;). The actual observed distribution of
third parity open intervals on this date is also provided for comparison.

The completed intervals are assumed to follow a distribution as in
Georget, The parameters are estimated by the method of moments
from the data on closed intervals obtained from the same survey. The
estimates are given by, k = 20, a = 0.12487, b = 0.07679 and ¢ = 0.04878
for the second parity and k = 20, a = 0.12706, b = 0.07448 and ¢ =
0.05297 for the third parity. Using these estimates the actual theoretical
frequencies are calculated for the closed intervals for the above model.
PA0) and P4(0) are obtained from Table 1 as 0.0509 and 0.0595 respect-
ively, The observed frequencies molf) and ng(f) for parities two and

three and the estimated frequencies ntt (¢), niy (2), niy (¢) and a7’ () for

the groups under each parity, provided in Table 2, are used for
simulating the distribution of third parity open intervals.

Columns (2) and (5} of Table 2 represent observed frequencies #;,(f) and
ns(f) of open intervals. Columns (3) and (6) are obtained by applying
expression (4.5) to columns (2) and (5) respectively. Column (4) can be
obtained either using (4.6) or by subtracting column (3} from column (2).
Similarly Column (7) can be obtained by subtracting Column (6) from
Column (5). . :

Using (4.8) and (4.9) and the estimated frequencies in Table 2, the
distribution of third parity open intervals has been simulated for August
17, 1969 and given in Table 3. Expression (4.8) involves (¢, #) the
probability that 2 woman who has already spent ‘2 units of time in the
j-th parity and does not go for another live birth, survives for 7, units of
time and this has been assumed to be equal to 1. Since for the women
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in the age gaup 1545 the suvivd rae is raha vay high ad the women
condgdered in this ingance are only those who do not go to the next
parity (no risk associated with labour) the above assumption, though
not accurate, is judtified.

TABLE 2—OBSERVED FREQUENCIES FOR PARITIES2 AND 3 ON

AUGUST 17, 1968 fr;) AND ESTIMATED FREQUENCIES FOR
THE TWO GROUPS UNDER EACH PARITY

t Parity 2 Parity3 . —-
P10 o0 maot) M@ oy
1 @) (©) 4 ® (6) ™
09 54 275 5125 39 2 %63
9-12 11 057 1043 14 o178 1316
12-15 9 048 852 11 068 1032
15-18 15 083 1417 16 104 1496
18-21 11 065 1035 16 n 1489
21-24 19 12 1778 13 09 1201
24-27 13 092 1208 6 051 549
27-30 9 073 827 15 146 134
30-33 6 055 545 7 07 621
33-36 9 0% 805 6 077 523
36-39 5 060 440 12 177 1023
39-42 7 0% 605 5 o84 416
42-45 5 077 423 11 2n 889
45-48 6 102 498 7 153 547
48-51 3 058 242 5 123 377
51-54 3 065 235 2 055 145
54-57 3 072 228 9 278 622
57-60 2 04 146 2 069 131
60+ 54 1622 31.78 50 243 3657

It can be ssn from Tadde 3 td the odbsaved ad expetad

frequendes do not dffer much except at the two tails. In the class interval

0-9 the predicted frequency is much higher than the observed frequency and
in the class 60 and over the observed frequency is much higher. This
discrepancy may be due to the fact that the parity progresson ratios wae

edimeted onthebegsof detaon completed fertility, cdllected from
Demography India
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a cohort of women married during the period 1920-1939. The
Ingtantaneous parity progresson ratios during 1968-1969 may be much
gndler then for the above cohort, i.e. we have actudly worked with
parity progresson ratios higher than the actud ones. A higher parity
progeesson raio (PPR) far paity 2 hes inflaed the expedad frapuandes in
class intervds 0-9 and 9-12, whereas a higher PPR for parity 3 has
deflated the expected frequency in the class interval 60 and over. Since
data on ingantaneous PPR were not available the aforesaid estimates
had to be used for illustration of the method.

TABLE 3—DISTRIBUTION OF OPEN INTERVAL U, FOR
PARITY 3, ON AUGUST 17, 1969 (Y1)

U Projected Oosvedirequency

frequency ot Al
09 4689 01900 37 0135
9-12 16.22 02%7 14 01832
1215 12.88 030™ 20 02620
1518 1251 . 03636 13 03100
1821 11.90 0.4067 12 0342
024 11.89 0450 1 03%8
6420 8.72 0.4903 7 04201
20 11.66 05375 12 04649
3033 10.79 0.5813 8 04944
3336 808 06140 11 05351
36-39 35 0625 3 05461
3042 8.77 06540 10 05830
4245 408 06306 5 06018
4548 3 06249 4 06162
4851 719 07240 7 06421
5154 <107} 07364 3 06531
5457 682 0.7640 11 06937
5760 443 0.7819 7 0719%
60+ 53.82 1.0000 76 10000
Men 33D 2183
Sandard
Deviation 2053 3100

thy. and Fy are the enmalagive digtrabution fonctichs based on the projected and obsery-
aai‘mquunchs respectively,
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Migration, which has not been congdered in the modd, is another
factor that might have affected the observed frequencies. There are
only 39 women in the dass interval 0-9 on 17th August 1968, but in the
corresponding classes (12-21) on 17th August 1969 there are 45 women
observed. Thisincrease can be attributed only to migration.

The prgedted and dbsaved ddribuions were convated into  praboghility
ddgribuion fudios Fp ad Fy repadivdy. Treding the prgected
digribution function as the theoretical one, the Kolmogorov-Smirnov-
oe spe ddidic, is usd, to ted for dffeece bawen the wo ddn-
butions. In spite of the factors discussed in the preceding two para-
graphs, the two digtributions are not significantly different at 5% level

(max | P, — Fol = 00869 < 71%_2;]-1 - 0.0923). It may also be noted
that if the differences at the extremes were not so large, max | Fy — K|
would have been much smaller and not significant even at 1% level. (1%

. . 136 _
critical value is VT 0.0826).

The mean and dandard deviation of the predicted ditribution are
36.35 and 29.53 respectively while that of the observed distribution are
4183 ad 3L00. Thex vdues ae nat ddidicdly dfferat The meen of
the predicted digtribution has been deflated by the higher vdue of PPR
as discussed earlier. The curves for the two didribution functions have
nealy the same fam The auves ae haizond uypo nine months ad then
Oreee dedly, but rever reeding zg0, snce thee is a noeero
probability that a woman does not go for another live birth. This suggests
that there is a non-zero probability for an infinite open interva. So to make
the digribution of open intervals a "proper digtribution’, the interva will
have to be truncated. In redity dso thisis needed, in the sssetrd whena
women conplees he fatility paiod, the open intavd associated may be
truncated. This may vary from woman to woman. We will hae to acogat
omegandard vaue, say 120 months for truncating the distribution.

7.Conduson

The digtribution of open intervals has been sudied in relation to that of
the dosd intavds This hes ben mede ue df, to smulae the didribution
for afuture date. The smulation process makes use of parity
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progression ratios. In the example given in this paper, the PPR was
estimated for a cohort of women married during 1920-1940. The effect of a
higher value of the PPR is to shift the distribution dlightly to the left, In spite
of this, the method of simulation isfound to give good resuts
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